THE present paper consists of two quite distinct parts, though the second is closely connected with the first. If a group of finite order N is represented as a regular permutation-group in N symbols, and if this permutation-group is completely reduced, each irreducible component occurs a number of times equal to the number of symbols on which it operates. This result is due to Herr Frobenius. I have recently given a direct proof* of it, depending only on two fundamental properties of finite groups. The first part of the present paper determines the number of times that any give 1 irreducible component occurs, when any representation of a group o: finite order as a transitive permutationgroup is completely reduced. , he result, of course, involves the above mentioned theorem as a particular case. In the second part of the paper the actual reduction of the permutation-group is dealt with: first, on the supposition that the domain of rationality is defined by the characteristics; secondly, that it is defined by the roots of unity of which the characteristics are functions. Conditions are obtained under which it is possible to exhibit the completely reduced groups so that the coefficients in their transformations shall be (i) rational functions of the characteristics, (ii) rational functions of roots of unity.
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I.
Notation.-G is an abstract group of finite order N, with /• sets of conjugate operations. r r r are the ;• distinct representations of G as an irreducible group of linear * Ada Mathematica, Vol. xxvm., substitutions; I\ being the so-called identical representation in which every operation of G corresponds to the identical substitution. The number of operations in the i-th. conjugate set is hi, and the characteristic of any operation of the i-th conjugate set in T k is x*'• If g is any sub-group of G, the representation of G as a transitive group of permutations in which the sub-group which leaves one symbol unchanged is g is denoted by G g . In this way, by taking for g any one from each of the sets of conjugate sub-groups of G in turn, all possible representations of G as a transitive group of permutations arise.
In the representation I\, g may or may not be reducible. In any case the symbol /x£ is used to denote the number of linearly independent linear functions of the symbols transformed by F A which remain unchanged by every operation of g. Then the theorem to be proved is the following:-In the completely reduced form of the transitive permutation-group G g the irreducible component T k occurs MJ times; i.e., the complete reduction of G g is given by the relation It may be noticed that when g consists of the identical operation only then /j.g, from the above definition, is x* 5 ana " ^n e result is equivalent to the known reduction of G expressed as a regular permutation-group.
be the symbols permuted by G g , N/m being the order of g. Any one of them can be expressed linearly in terms of the new symbols (these will be denoted by Greek letters) in terms of which the complete reduction of G g is effected. Let these symbols be <r, = those in each line being transformed irreducibly among themselves by one of the irreducible components of G g . A linear transformation of the £'s (or q's, ...) among themselves does not affect the reduction of G g , but only the final form in which the corresponding irreducible component is expressed.
The equation giving x x in terms of the new symbols may therefore be written in the form X there being one symbol corresponding to each reduced set. In fact, x x takes m linearly independent values under the operations of the group, while, if there were no $ in the expression for x v the right-hand side of the above equation would take less than m linearly independent values. Now the sub-group g, which leaves x x unchanged, must leave £ unchanged. Hence I \ can only occur in the completely reduced form of
Conversely, if n k g > 1, let X x be a linear function of the symbols transformed by I\, which is unaltered by every operation of g. Then, under the operations of I\-, X x takes just m values (not necessarily distinct and certainly not linearly independent). If these are
they are permuted transitively among themselves by every operation of T k . The transitive permutation-group thus arising is identical, except as regards the symbols in which it is written, with that of the x'e; i.e., if the Xa are taken in a suitable sequence, they undergo for each operation of G the same permutation as the re's. Suppose now the complete reduction of the perm tation-group in the X's formally carried out. Since the X's are linea ly equivalent to just x\ independent symbols, some of the irreducible sets so formed must be sets of zeroes; but at least one set must occur which does not reduce to a set of zeroes. Moreover, since the Xi symbols operated on by T k undergo the transformations of an irreducible group, any set which does not reduce the zeroes must be X* in number and must undergo an irreducible group of linear substitutions equivalent to T k .
Hence, if /x k 0 > 1, T k must occur in the completely reduced form of G g . Suppose next that T k , where n k g^\ , occurs more than once in the reduced form of G g . (For convenience of notation it is taken as occurring three times, but it will be seen that this does not affect the argument.) Let the corresponding reduced sets of variables be denoted by and suppose them chosen so that each set undergoes the same linear transformation for each operation of G. II.
The determination of the arithmetical nature of the coefficients in an irreducible group of linear substitutions of finite order is a question which has hitherto received but little attention considering its undoubted importance. The coefficients may be modified by carrying out linear transformations on the variables, and the question arises as to the simplest possible arithmetical form of the coefficients when suitable tranpformations are carried out. In the cases of a number of groups of relatively small order, it has been shewn by actually constructing the transformations that the * Proc. London Math. Soe., Vol. xxxni., p. 174. R 2 coefficients may be exhibited as cyclotomic functions; i.e., rational functions of roots of unity. The only result of a general nature hitherto obtained is due to Herr Maschke.* He shews that, if a finite group of linear substitutions has an operation whose multipliers are all different, the group can be exhibited in a form in which all the coefficients in the transformations are cyclotomic functions. The general theory of the reduction of a group of linear substitutions has been greatly developed since the date of Herr Maschke's paper. Using the results of the general theory, a method is given below for actually effecting the complete reduction of a simply transitive regular permutationgroup in a form such that the coefficients in the completely reduced groups are rational functions of roots of unity. The process is certainly an effective one for any particular irreducible component F, unless there is an integer A ( > 1), such that each multiplier of each operation in T is repeated A, or a multiple of A, times. If this is the case, the characteristics
for F, regarded as a set of algebraic integers, have a common divisor A. It seems to me in the highest degree improbable that such an irreducible group can exist, but I have not succeeded in proving its existence impossible.
When the characteristics are not all rational, it is certain that the group cannot be exhibited in a form in which the coefficients are all rational; but it is possible that they may be rational functions of the characteristics. One of my objects here is to establish a condition which shall be sufficient to ensure that an irreducible group of linear substitutions can be expressed so that the coefficients are rational functions of the characteristics, and to this I now proceed. It will be seen that the condition is satisfied for a very considerable class of cases. The quaternion group in two variables however shews that there are cases in which such a form for the group is not possible.
I suppose the group G to be given by its multiplication permutation-group can be directly set up. In the representation denoted above by G g , let ,
be any substitution, and As a further illustration, I call attention to the fact, not hitherto, I believe, noticed, that the irreducible simple groups of orders 60 and 168 in three variables can be expressed HO that the coefficients arc rational functions of the characteristics. In each of them a sub-group of order 3 has a single linear invariant. The fact may be easily verified in the forms : To avoid interrupting the argument in dealing with the actual reduction of a regular group of permutations, the following lemma, which is necessary to justify a series of steps in the process, is first proved. 
* .i
Now it is known that the A's can be chosen so that all the d"s vanish. But the equations which they have to satisfy are linear with coefficients which are rational in the a's and the original coefficients. Hence the A's themselves are rational in the a's and the original coefficients; and the lemma is proved.
If the process described in II is carried out on G expressed as a regular permutation group in N variables, a set of (x'j) 2 linear functions of the variables, with coefficients which are rational functions of the characteristics of the irreducible representation T;,, are obtained. These undergo, corresponding to the permutations of G, a group of linear transformations among themselves, the coefficients again being rational functions of the characteristics of ] \ , and this group is equivalent to that denoted by xi ^ m ^i e reduced form of the regular permutation-group.
Moreover, the same set of linear functions are transformed among themselves, when the N symbols undergo the permutations of the regular permutation-group G', every one of whose operations is permutable with every operation of G ; and this group is equivalent to that denoted by XjT).. Suppose now that S' is an operation of G', and that, in the representation rl-, the multipliers of <S" are a,, repeated a times, o.v, repeated b times, .... if the permutation S' is carried out in the original iV symbols, the (x where a-\-b-\-... = x\> and these functions are linearly independent while the coefficients occurring in them are rational functions of roots of unity. Now every operation of G is permutable with S'. Hence, every operation of the group X i^ which represents G so far as these symbols are concerned, must transform among themselves each of these sets of functions. A partial reduction is thus effected from a set of (xj) 2 symbols to a series of sets containing respectively axi> &Xi > • • • linearly independent functions of the symbols; and the coefficients involved are rational functions of roots of unity.
Take now another operation T' of G', and effect a-similar partial reduction in respect of it. From the (xj) 2 symbols, a series of sets containing respectively ax*, /3xi» • • • linearly independent functions of them will be formed, such that the functions of each set are transformed among themselves by Xi-^fc* Next express the <*Xj functions of one of these sets linearly in terms of the functions of the previous sets that arise in respect of S'. This can be done with coefficients which are rational functions of roots of unity. Suppose that in the expression functions belonging to the set axj in number occur. There are then these two possibilities: either the whole of the ax\ linearly independent functions occur in the expression of the axi functions of the new set, or only a part of them occur. In the latter case, those of the ax\ functions which occur in the expression of the ax^ functions are transformed among themselves by every operation of XiTfc-Hence, by the lemma, from the ax^ functions two sets of functions can be formed such that those of each set are transformed among themselves by the operations of Xi^fc', the coefficients entering in them are rational functions of roots of unity, while the two sets together are linearly equivalent to the original set of «Xi functions. Moreover the number in each set must be a multiple of xi > * or when the complete reduction is carried out, as it certainly can be in an arbitrary domain of rationality, the number of functions operated on by each of the completely reduced groups is Xy The partially reduced set of ax* functions is thus further reduced to two sets of a x x^ and #2X1 ( a == %+%) functions, and the coefficients are still rational in the domain of the roots of unity.
By using each of the new sets of ax*, fix^, • • • functions which arise in connection with T', and the similar ones which arise in connection with all the other operations of G', let the reduction of the sets of arf, &xf, • • • functions be carried as far as possible. We thus arrive at a series of sets of A*, flrf, Crf, ...
A+B+c+
... = jrf functions, such that those of each set are transformed among themselves by xJTfc, while no further reduction can be effected in the manner described. Moreover the coefficients entering in their expression are rational functions of roots of unity. Carry out now on the original variables as they appear in the expression of the Ax\ functions any operation of G'. The set of ^x* functions will be replaced by another set of ^Xi functions which are transformed among themselves by the operations of Xi^k, anc * which can therefore be expressed linearly in terms of the functions of the sets that have been arrived at.
Suppose that the Ax\ equations so expressing them contain functions from the set Bx\ in number. If the set of Bx\ is not exhausted in these equations, it can be further reduced. If the set is exhausted and A > B, the .Bxi functions can be eliminated from the equations, and the new set of functions Ax\ in number is reduced, so that the original set from which it has been derived can be reduced. Hence, if no further reduction is possible, then A = B. The same conclusions hold for any other set which enters in the expression of the ^x^ n e w functions. Hence, when any operation of G' is carried out on the original variables in the expression of the Ax\ functions, and the new functions so obtained are expressed in terms of those of the reduced sets, functions can only enter from these sets which contain the same number Ax\ of functions. If the sets do not all contain the same number of functions, then, when all the operations of G' are effected on the Ax\ functions, fewer than (x^) 2 linearly independent functions arise. That this is impossible is obvious by considering the completely reduced form of the group. Hence* the reduction can be carried further unless A =B = C= .... Now return to the set of ax* functions which have a common multiplier for 1", and express them in terms of functions of the reduced sets. Unless a = A, from the ax* equations expressing them the ^x* functions of one set can be eliminated. In the process other sets may disappear, but, if a > A, some must remain. From the (a-A)\i remaining equations eliminate the functions of another set of A-^ functions. At each stage the • From this it follows that, if xf is prime, then r* can certainly be expressed in a form in which the coefficients are cyclotomic. number of equations is diminished by A, and therefore, if a is not a multiple of A, the sets are further reducible. Hence A can only be greater than unity (though even then it is not necessarily so) if each a for each T is A or a multiple of A. In other words, in Y' k ., and therefore also in Y k , every operation must have each of its multipliers repeated a multiple of A times.
Finally, then, the result may be expressd in the following form :-THEOREM.-A Unite irreducible group of linear substitutions can always be exhibited in a form in which the coefficients are rational functions of some root of unity, unless there is a number A ( > 1) such that every multiplier of every substitution of the group is repeated A, or a multiple of A, times.
This exceptional case does not, in fact, occur for any group for which the characteristics have hitherto been calculated.
